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Fig. 4. Dependence of calculated coherent fcc Zn precipitate shape on the number of Zn atoms and temperature
in Al–Zn alloys. The bottom right marks thec- anda-axes of the precipitate, which can be used for a quantitat-

ive comparison to experimental data (only Zn atoms are shown).

Fig. 5. Comparison of size versus shape relation of precipitates in Al–Zn between our calculations and experi-
mental results for two different temperatures.rm = (ca2)1/3 is the radius of the associated sphere having the

same volume.
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Fig. 6. Volume-conserving first-principles total energy calculations of fcc Zn deformed along the (100) and
(111) directions. The energy differences caused by distortions along (100) and (111), as well as for hcp Zn,
are always given with respect to the undistorted fcc lattice. The energy of hcp Zn is denoted as an open

hexagon.

5. PHYSICAL ANALYSIS OF THE
COMPUTATIONAL RESULTS

In order to shed light on the predicted size-depen-
dent precipitate shape, we construct model precipi-
tates with agivenshape,c/a, and then evaluate their
energy as function of size. Naturally, our cluster
expansion HamiltonianHCE of equation (3) allows the
calculation of any arbitrary given configuration at
T = 0 K, i.e., without any Monte-Carlo simulations.
The advantage of such an inverse approach is that the
calculated energies of given shapes isolate the influ-
ence of the shape change on the energy, while the
MC simulation changes the shape and the degree of
order (i.e., disorder caused by finite temperature)at
the same time, thus not allowing the effects to be sep-
arated. We chose the ideal sphere (c/a = 1), as well
as hexagons with varyingc/a ratios of 0.85, 0.50 and
0.35, as model precipitates for our calculations and
determined theirT = 0 energies for different numbers
NZn of Zn atoms. The model precipitates are embed-
ded in a 40× 40 × 40 fcc lattice cell. All sites that
are not occupied by the Zn atoms, are occupied by
Al atoms. So, the total number of atoms of any con-
figuration is always 64,000. It should be mentioned
that such a calculation of a formation enthalpy for a
configuration consisting of 64,000 atoms does not
take longer than a few seconds on a workstation or
a modern PC. This short computer time for—in an
atomistic sense—huge systems makes our cluster
expansion a powerful tool.

Fig. 7 shows the dependence of theT = 0 energy
of the four chosen model precipitates on their size.
Only for extremely small precipitates (less than about
90 Zn atoms) does the ideal sphere (c/a = 1.0) rep-
resent the lowest energy atT = 0. With increasing
size, the lowest-energyc/a ratio decreases, until at
about 1600 Zn atoms the model withc/a = 0.35
becomes the energetically favorable shape. The tran-
sition points of the energy curves belonging to differ-
ent c/a ratios are denoted in Fig. 7 by arrows. This
calculation can be used to construct a step function
in the size versus shape diagram, which we show in
Fig. 8. For comparison, the size versus shape curve
obtained via MC annealing forT→0 is also shown.
It can be seen that theT =
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The dependence of the shape on the size at
T = 0 K can already be found by calculating energies
for perfectly ordered model precipitates. We used an
ideal spherical precipitate and hexagons withc/a
ratios of 0.8, 0.5 and 0.35 for our calculations. These
four model precipitates already give qualitatively, via
Monte-Carlo simulations, the observed size versus
shape relation: namely, a decreasingc/a ratio with
increasing precipitate size.

The separation of the cluster expansion Hamilton-
ian into chemical and strain energy allows a deeper
view inside the energetically controlled size versus
shape relation. Monte-Carlo simulations only taking
the chemical and strain energy into account lead, for
T = 0 K, to different characteristic shapes for both
energy parts: while the strain energy is platelet-stabil-
izing, the chemical part leads to a more spherical
shape. Using this separation also for finite tempera-
tures, it turns out that the shape versus size versus
temperature relation for a given precipitate size is
controlled by two different factors:

1. competition between strain and chemical energy—
the chemical energy dominates over the strain part
for higher temperatures, and the opposite is true
for lower temperatures; and

2. temperature dependence of chemical energy—
while the strain energy is nearly constant as a
function of temperature, the chemical energy
decreases strongly with decreasing temperature.

Since our model is parameter-free, the excellent
agreement demonstrates the ability to predict precipi-
tate shapes and sizes even without carrying out
experiments.
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