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Theoretical interpretation of the experimental electronic structure of lens-shaped self-assemble
InAsÕGaAs quantum dots

A. J. Williamson,* L. W. Wang, and Alex Zunger
National Renewable Energy Laboratory, Golden, Colorado 80401

~Received 3 March 2000!

We adopt an atomistic pseudopotential description of the electronic structure of self-assembled, lens-shaped
InAs quantum dots within the ‘‘linear combination of bulk bands’’ method. We present a detailed comparison
with experiment, including quantites such as the single-particle electron and hole energy level spacings, the
excitonic band gap, the electron-electron, hole-hole, and electron-hole Coulomb energies and the optical
polarization anisotropy. We find a generally good agreement, which is improved even further for a dot
composition where some Ga has diffused into the dots.
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I. USING THEORY AS A BRIDGE BETWEEN THE
STRUCTURE AND ELECTRONIC PROPERTIES

OF QUANTUM DOTS

Self-assembled, Stranski-Krastanow grown semicond
tor quantum dots have recently received considerable a
tion as they exhibit a rich spectrum of phenomena includ
quantum confinement,1–3 exchange splittings,4 Coulomb
charging/blockade,5–13 and multiexciton transitions.4,14 Over
the past few years a considerable number of high-qua
measurements of the electronic level structure of these
systems have been performed, using photoluminesce
~PL!,10,12,15–20 photoluminescence luminescen
excitation,4,14 capacitance,5–7,13 and far infrared ~FIR!
spectroscopy.7,21–26 These measurements have been able
determine the electronic level structure to relatively high p
cision. In parallel with these measurements, several gro
have also attempted to measure the geometry and com
tion of these dots.15,16,27–29So far, however, these measur
ments have failed to provide details of the shape, size, in
mogeneous strain, and alloying profiles to a similar level
accuracy to that to which the electronic structure has b
determined. As a result, the size of the dots were often u
as adjustable parameters in models that fit experime
spectra. For example, using a single-band effective-m
model, Dekelet al.14 defined an ‘‘effective shape’’~cuboid!
and ‘‘effective dimension’’ that reproduced the measured
citonic transitions. Similar ‘‘parabolic dot’’ models hav
been assumed by Hawrylaket al.1

The accuracy of single-band and multiband effectiv
mass methods was recently examined in a series
papers.30–34In these papers, the shape, size, and compos
of nanostructures were arbitrarily fixed, and the electro
structure was evaluated by successively improving the b
set, starting from single-band methods~effective mass!, go-
ing to six- and eight-band methods (k.p), and finally, using
a converged, multiband approach~plane-wave pseudopoten
tials!. It was found that conventional effective-mass andk.p
methods can sometimes significantly misrepresent the f
converged results even when the shape, size, and com
tion were given. The observed discrepancies were both q
titative ~such as band-gap values, level spacings, C
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lomb energies! and qualitative~absence of polarization an
isotropy in square based pyramidal dots,34 missing energy
levels.32! As a result of these limitations these methods m
not offer a reliable bridge between the electronic and ato
istic structure.

In this paper, we offer a bridge between recent measu
ments of theelectronic structureand measurements of th
atomic structureof the dots using accurate theoretical mo
eling. Modeling can determine if the calculated electron
structure resulting from an assumed shape, size, strain,
alloying profiles agrees with the measured electronic str
ture or not. A theory that can perform such a ‘‘bridgin
function’’ must be accurate and reliable. The pseudopoten
approach to this problem qualifies, in that any discrepa
between the predicted and measured electronic prope
can be attributed to incorrectly assumed shape, size, or a
ing profile. We have studied a range of shapes, sizes,
alloy profiles and find that a lens-shaped InAs dot with
inhomogeneous Ga alloying profile is in closest agreem
with current measurements. In the following sections we
tempt to provide a consistent theoretical interpretation of
merous spectroscopic properties of InAs/GaAs dots.

II. OUTLINE OF THE METHOD OF CALCULATION

We aim to calculate the energy associated with vario
electronic excitations in InAs/GaAs quantum dots. These
ergies can be expressed as total-energy differences an
quire four stages of calculation:

~i! Assume the shape, size, and composition and com
the equilibrium displacements: We first construct a superce
containing both the quantum dot and surrounding GaAs b
rier material. The shape, size, and composition profile
taken as input and subsequently refined. Sufficient GaAs
rier is used, so that when periodic boundary conditions
applied to the system, the electronic and strain interacti
between dots in neighboring cells are negligible. The atom
positions within the supercell are then relaxed by minimizi
the strain energy described by an atomistic force field35,36

including bond-bending, bond-stretching, and bond-bend
bond-stretching interactions~see Sec. III A!. An atomic force
field is similar to continuum elasticity approaches36 in that
both methods are based on the elastic constants,$C
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underlying bulk materials. However, atomistic approach
are superior to continuum methods in two ways,~a! they can
contain anharmonic effects, and~b! they capture the correc
point-group symmetry, e.g., the point-group symmetry o
square based, zinc-blende pyramidal dot isC2v
s
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.544 0 TD
(().-441.9(Wi)0(s-366.8(an-366.8(ascreend)-306.8(ampirical)-336.8(aseudopotential)-TJ
-2763156-1.31665TD
((�or-446.25atom)ic-446.25aype)TTJ
/F1 1 Tf
9.978 0 2.769 9.978 333.842 592821 6a731 )Tj
/F7w
0.08 Tc
(eq)Tj
0.0001 0.9396 592821 6a73(.)-346.25aI)0(t-346.25acontains-446.25at-446.25aloal)-346.25aarti-446.25atd)]446.24at-446.25anonloal),-TJ
-276550 -1.215TD
((spin-orbi)-332.9(uinteracion)-302.9(uarti.-TJ
-.24-1.215TD
((he)-3273aloal)-3273aotential)-3273aorti-4273as)-3273adesignd
~unrelaxed! angle of the bond anglej 2 i 2k. The (nni de-
notes summation over the nearest neighbors of atomi. The
bond stretching, bond-angle bending, and bond-length/bo
angle interaction coefficientsa i j

(1)([a), b j ik , and s j ik are
related to the elastic constants in a pure zinc-blende struc
in the following way:

C1112C125A 3

4d0
~3a1b26s!,

C112C125A 3

d0
b,

C445A 3

d0

@~a1b!~ab2s2!22s312abs#

~a1b12s!2 . ~5!

The second-order bond-stretching coefficienta (2) is related
to the pressure derivative of the Young’s modulus
dB/dP, whereB5(C1112C12)/3 is the Young’s modulus
Note that in the standard35 VFF, which we have used
previously,37–39 the last terms of Eq.~4! are missing, sos
50 in Eq. ~5!. Thus there were onlytwo free parameters
(a,b) and therefore three elastic constants could not, in g
eral, be fit exactly. The G-VFF parameters and the resul
elastic constants are shown in Table II for GaAs and In
crystals. For an InGaAs alloy system, the bond-angle
bond-length/bond-angle interaction parametersb, s for the
mixed cation Ga-As-In bond angle are taken as the algeb
average of the In-As-In and Ga-As-Ga values. The id
bond angleu j ik

0 is 109° for the pure zinc-blende crysta
However, to satisfy Vegas’s law for the alloy volume, w
find that it is necessary to useuGa-As-In

0 5110.5° for the cation
mixed bond angle.

As a simple test of this G-VFF for alloy systems, w
compared the relaxed atomic positions from G-VFF w
pseudopotential LDA results for a~100! (GaAs)1 /(InAs)1
superlattice where thec/a ratio is fixed to 1, but we allow
energy minimizing changes in the overall lattice const
(aeq) and the atomic internal degrees of freedom (ueq). We
find aeq

LDA55.8612 Å andueq
LDA50.2305, while the G-VFF

results areaeq
G2VFF55.8611 Å andueq

G2VFF50.2305. In

comparison the original VFF yieldsaeq
VFF55.8476 Å and

ueq
VFF50.2303.

B. The empirical pseudopotential Hamiltonian

We set up the single-particle Hamiltonian as

Ĥ52
b

2
“

21(
na

v̂a~r2Rna!, ~6!
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whereRna is the G-VFF relaxed position of thenth atom of
type a. Herevcompa0.580 Tfa731 eqLDA5RrTj
/F13 1 Tf
0R R !eqReq~Veq
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G ~ k̂13 k̂2!•Ŝ

3E
0

‘

Vl
SO~r ! j l~ uk1ur ! j l~ uk2ur !r 2dr. ~10!

Here,uk1k2
is the angle betweenk1 andk2 , V is the volume

of the unit cell, andj l is a spherical bessel function. In ou
calculations, we have only included the effects ofl 51 (p
states!, and have used a Gaussian model forVl

SOV
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well-established ‘‘lens-shaped’’ dot geometry from Re
5–12. The shape of this dot is shown in Fig. 3. The profile
obtained by selecting the section of a pure InAs sphere
yields a circular base with diameter 252 Å and a height
35 Å. The main experimental uncertainty about this dot is
composition profile. It is not known if the dots are pure InA
or if Ga has diffused into the dots. For comparison, we a
calculate the electronic structure of a square based I
pyramid with a base of 113 Å and a height of 56 Å. This
not believed to be a realistic geometry, however, it has b
used as a benchmark for many previous theoret
.
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calculations34,37,38,52,53and we include it here for compariso
purposes. In the following sections these two geometries
be referred to as the ‘‘lens’’ and the ‘‘pyramid.’’ The resul
of our calculations are shown in Table IV and Fig. 4.

A. Confined electron states

Figure 4 shows the calculated square of the envel
function for the electron states in the pyramidal- and le
shaped InAs/GaAs quantum dots. For the lens-shaped
the electron states can be approximately interpreted as ei
states of theL̂z operator.1 Here we plot only the first six
bound states corresponding tol z50, 61, and62. The first
statee0, hasl z50 and is commonly described ass-like as it
has no nodes. Thee1 and e2 states havel z561, and are
p-like with nodal planes~110! and (1̄10). Thee3 , e4, and
e5 states havel z562 and 0, respectively, and are common
described asdx22y2, dxy , and 2s, respectively. Due to the
underlying zinc-blende atomistic structure, theC‘ symmetry
is reduced toC2v . Hence, thee0 to e5 states correspond to
the a1 , b1 , b2 , a1 , a2, and a1 irreducable representa
tions of theC2v group, rather than eigenstates ofL̂z . This
allows statese0 , e3, ande5 to couple. This coupling is evi-
dent, for example, in the larger charge density along@110#
compared to@11̄0# in the e3 state, due to its coupling with
e1. The observable effect of thisC2vtheethe@
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fects of the spin-orbit interaction, which reduces theC2v
group to a double group with the same single representa
for all the states. In our calculations the spin-orbit interact
is included, but is produces no significant effects for t
electron states.

The electron states in the pyramidal dot also belong to
C2v group and show a one-to-one correspondence with th
in the lens-shaped dot. However, there are only five bo
states in the pyramidal dot due to its smaller size. Here
define an electron state as bound if its energy is below tha
the unstrained, bulk GaAs conduction-band edge.

The calculated values of thes-p andp-d energy spacings
dsp , and,dpd , for the lens- and pyramidal-shaped dots, a
65 and 68 meV and 108 and 64 meV, respectively. T
n
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splitting of the twop states,dpp5e22e1 are 2 and 26 meV,
respectively. The calculated values of the electron bind
energy, DE(e), are 271 and 171 meV, respectively. Th
electron-electron direct Coulomb energies,Je0e0

ee , Je1e1

ee , and

Je0e1

ee in the lens and pyramidal dots are calculated as 32,

and 25 meV and 40, 35, and 36 meV respectively. On
plying a magnetic field in the growth direction, we calcula
an increase in the splitting of the twop states (e2-e1) in the
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B. Confined hole states

Figure 4 shows calculated wave functions squared for
hole states in pyramidal- and lens-shaped InAs/GaAs qu
tum dots. Unlike the electron states, the hole states canno
approximated by the solutions of a single band Hamiltoni
Instead there is a strong mixing between the original b
Bloch states withG8v and G7v symmetry. The larger effec
tive mass for holes results in a reduced quantum confinem
of the hole states and consequently many more bound
states. Only the six bound hole states with the highest en
are shown in Fig. 4.

The calculated values of theh0-h1 , h1-h2, andh2-h3 hole
level spacings for the pyramidal- and lens- shaped dots a
7, and 6 meV and 15, 20, and 1 meV respectively. The
culated hole binding energies,DE(e), are 194 and 198 meV
We calculate the highest-energy hole level in pure InAs w
ting layers,DEWL

(h) , with thicknesses of 1 and 2 ML to resid
30 and 50 meV above the VBM of unstrained bulk GaA
The hole-hole Coulomb energies,Jh0h0

hh , are 25 and 31 meV

C. Electron-hole excitonic recombination

Figure 5 shows our calculated single exciton absorpt
spectrum for a pure InAs, lens-shaped dot with a base of
Å and a height of 35 Å. The energies of each of the abso
tion peaks are calculated from Eq.~15!. The ratios of the
dipole matrix elements for light polarized along@110# and

@11̄0# are calculated from Eq.~17!. Figure 5 illustrates that
for a lens-shaped dot, both the conventionalei→hi transi-
e
n-
be
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tions and additionale12h2 , e22h1 , e32h4, and e42h3
transitions are strongly allowed. The ratio of the polarizati
anisotropiesl are shown in Table V. As a result of th
circular symmetry of the lens-shaped dot, we calculate a
larization ratio ofl51.03 for thee0-h0 transition. This value
is in contrast to that calculated value for a pyramidal dot
l51.2.45 For the higher-angular momentum transitions w
find larger deviations from unity. The magnitude of the rati
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pyramidal dots. The calculated ground-state electron-h
exchange energies,Ke0h0

eh are an order of magnitude smalle

with values of 3 and 0.2 meV. These yield excitonic ba
gaps of 1.03 and 1.12, respectively. The calculated excito
dipoles@Eq. ~18!# are 3.1 and 0.16 Å, respectively. A pos
tive dipole is defined as the center of the hole wave funct
being located above the center of the electron wave funct

VI. ANALYSIS OF PERTINENT EXPERIMENTAL
MEASUREMENTS

A. The intraband s-p and p-d electron energy spacings

Measurements of the spacing between thee0- ande1-like
electron levels (s-like and p-like! are based on infrared ab
sorption. For the lens-shaped dots, Frickeet al.7 load elec-
trons into the dots by growing a sample consisting of
n-type doped layer, a tunneling barrier, a layer of InAs/Ga
lens-shaped dots, a GaAs spacer, and a GaAs/AlAs s
period superlattice. By applying a voltage between
n-doped layer at the bottom of the sample and a Cr con
grown on top of the SPS, electrons are attracted from
n-doped layer into the InAs dots. Infrared photons were u
to excite electrons from the occupiede0 level into thee1
level. Neglecting the small exchange energy, the energy
ferences for thee12e0 excitations when one and two ele
trons are present in the dot are

E01@e1
1#2E01@e0

1#5~ee1
2ee0

!,

E02@e0
1e1

1#2E02@e0
2#5~ee1

2ee0
!1@Je1 ,e0

ee 2Je0 ,e0

ee #.

~19!

The first of these energy differences yields a direct meas
ment of thes-p energy spacing,dsp , of 49.1 meV. The
le

ic

n
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n
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d
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second energy difference was measured at 50.1 meV. D
ler et al.5 also used infrared transmission spectroscopy
measure an energy spacing,dsp541 meV. Panet al.21,26,22

have also performed infrared-absorption measurements
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2#5~e
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As increasing~decreasing! the dimensions of the dot act
to decrease~increase! both the level spacings and the gap,
is clear that changing the dot geometry alone will not sign
cantly improve the agreement with experiment as this
quires a simultaneousdecreasein the energy-level splittings
and increasein the band gap. However, Ga in-diffusion in
the dots acts toincrease the band gap of the dot while
decreasing the energy-level spacings.

Table IV shows that adopting a geometry with a base
275 Å and a height of 35 Å and a uniform Ga composition
Ga0.15In0.85As produces the best fit to the measurements
Refs. 7 and 11.

In conclusion, our results strongly suggest that to obt
very accurate agreement between theoretical models and
perimental measurements for lens-shaped quantum dots
needs to adopt a model of the quantum dot that inclu

*Present address: Lawrence Livermore National Laboratory, L
ermore, California 94550.
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